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STRONG INTEGRALITY OF QUANTUM INVARIANTS OF 3-MANIFOLDS 


THANG T. Q. LE 


Abstract. We prove that the quantum S l O(3)-invariant of an arbitrary 3-manifold M is always an algebraic 
integer, if the order of the quantum parameter is co-prime with the order of the torsion part of H\(M, Z). An 
even stronger integrality, known as cyclotomic integrality, was established by Habiro for integral homology 
3-spheres. Here we also generalize Habiro’s result to all rational homology 3-spheres. 


0. Introduction 

0.1. Integrality at roots of non-prime order. Let tm(<z) be the quantum S'0(3)-invariant of a 3-manifold 
M, which can be defined when q is a root of 1 of odd order. The quantum ST/(2)-invariant was defined by 
Reshetikhin and Turaev (see (Tnrj l and the S'0(3)-version was defined by Kirby-Melvin |KM) and Turaev. 
One important result in quantum topology, first proved by H. Murakami iMul . is that tm(q) G Z[g], when 
the order of q is an odd prime and M a rational homology 3-sphere. The result was generalized to all 
3-manifolds by Masbaum and Roberts nvrm . using a short, beautiful proof. Masbaum and Wenzl |MW| . 
and Takata and Yokota na generalized the result to some other Lie algebras, including the sl n series. The 
author eventually gave a unified proof of the integrality for all Lie algebras [ISH|. 

The integrality has many important applications, among them is the construction of of an integral topo¬ 
logical quantum field theory of P. Gilmer and G. Masbaum m and representations of mapping class groups 
over Z. 

In the above integrality, the order of q must be an odd prime , while tm(q) can be defined at any root of 
odd order. Using a quite different method, Habiro IHall showed the integrality of tm when M is an integral 
homology 3-sphere at roots of any order. Thus the restriction on the order of q is removed, but there is a 
restriction on the manifold: M is an integral homology 3-sphere. Then Habiro and the author proved the 
integrality of tm for integral homology 3-spheres at any root of 1 for all simple Lie algebra m 

The first main result of this paper is to establish the integrality of tm for all 3-manifolds with a very 
minor restriction on the order of the roots of unity. 

Theorem 1. (a) Suppose f is a root of unity of order odd and co-prime with the order of the torsion part 
of Hi(M, Z), where M is a closed oriented 3-manifold. Then tm{£) G Z[£]. 

(b) Suppose, in addition, M has 0 first Betti number, and L is a colored, algebraically split link in M. 
Then the quantum invariant G Z[£]. 

We will recall the definition of in section Q] In the proof of the theorem we will make use of a 

result of G. Andrews concerning Bailey pairs in the theory of g-series. 

0.2. Stronger integrality: cyclocomic integrality. We use the standard notation (a; q) n of g-calculus 

n—1 

(a)n = (a; q)n = JJ (! - aq l ). 

i =0 

For example, q) n = (1 — q)(l — q 2 )... (1 — q n ). Define the Habiro ring A by 
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A := limZ[g ±1 ]/((q; q) n ). 

<—n 

Formally, A is the set of all series of the form 

OO 

f = ^2fn(q)(l-q)(l-q 2 ) q n ), where /„(g) £ z^ 1 ]. 

n =0 

When q = £, a root of unity, only a finite number of terms in the right hand side are not 0, hence the 
right hand side defines a complex number, denoted by ev^(/). It is clear that ev^(/) £ Z[£], Thus one can 
consider every / £ A as a function with domain the set of roots of unity. It turns out A has remarkable 
properties and plays an important role in quantum topology: Habiro !Ha2l showed that every / € A has a 
Taylor expansion Ti(f) £ Z[[q — 1]] which uniquely determines /. Also, if /(£) = g(£) at infinitely many 
roots £ of prime power orders, then f = g in A. The above properties suggest to consider A as a class of 
“analytic functions” with domain the set of roots of unity. 

Theorem 2. (Habiro III a 1 j ) For every integral homology 3-sphere M there is an invariant Im £ A such 
that if £ is a root of unity then ev^(lM) = tm(£)- 

The integrality of the quantum invariant follows immediate from the theorem, since for every / € A and £ 
a root of unity, /(£) £ Z[£]. However, belonging to A is a much stronger integrality. We call it the cyclotomic 
integrality. For example, the cyclotomic integrality shows that quantum invariants at infinitely many roots 
of unity of prime orders determine the values at any other roots of unity. In joint work with Habiro |HTI . 
we generalize Theorem |3 to the case of all simple Lie algebras (but still for integral homology 3-spheres). 

0.3. The case of rational homology 3-spheres. One main result of this paper is to establish cyclotomic 
integrality for rational homology 3-spheres. 

For a positive integer d let A d := Z[^][q ±:L / d ] and the set of positive integers co-prime with d. Denote 
by <b s (f) the s-th cyclotomic polynomial. Let A^ C Q(g 1 / d ) be the ring obtained from Ad by adding the 
inverses of each d > s {q l ^ d ), with s not co-prime with d: 

Ad := Ad ^ s (q 1 / d ) ,S ^ 

The ring that replaces Habiro’s ring in the case of rational homology 3-spheres is 

A d := limA d /{{q;q) n ) 

*—n 

Let U d be the set of all complex roots of unity with orders odd and co-prime with d. The ring A^ will 
play the role of the Habiro ring, with the set of all roots of 1 replaced by U d . 

We first define, for each £ £ U d , the evaluation map ev^, which replaces q by £. Suppose / £ Q[<7 ±1 ^ ,t ], 
where h is co-prime with r, the order of £. There exists an integer 6, unique modulo r, such that (£ b ) h = f. 
Then we define 

ev ?/ : = 

The definition extends to evj : Ad —> C, since ev^((q; q) n ) = 0 if n > r. The following is a generalization 
of Habiro’s result. 

Theorem 3. Suppose M is a rational homology 3-sphere with \Hi(M,Z)\ = d, a positive integer. There is 
an invariant Im £ A d such that if £ £ U d , then ((() evj(g^ 1_d ' ) / 4 /M) is the quantum SO (A)-invariant of M. 
Here ((() is the Jacobi symbol. 

Remark 0.1. The reason we single out the factor g( d-1 )/ 4 is because it might not be in A d = Z[1 /d\[q ±l ^ d }\ 
note that it is always in Z,[q ±1 / 2d ]. Habiro observed that our proof actually showed that Im £ A d >, where d' 
is the maximal order of elements of H\(M , Z). 
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The cyclotomic integrality has many rigidity properties described in the next subsections. 

0.4. Evaluation and Taylor expansion of A r j. For a subset of Ud let 

evn : k d -> C, defined by ev a (/) = (ev ? (/)) 5en . 

Jen 

Theorem 4. Suppose SI C Ud contains infinitely many roots of order prime powers. If f,g £ Ad such that 
ev j(/) = ev j(ff) f or every £ £ S 7, then f = g. In other words, the map evn is injective. 

We will prove that for every f £ Ad and £ £ Ud , one has ev^(f) £ Z[l/d, £]. Hence the image of evn is in 
J~[ ?£n Z[l/d, £]. If f = Im for a rational homology 3-sphere, then Theorem |T| shows that ev^(/) £ Z[£]. 

Any element f £ Ad, considered as a function of the variable q 1 / d , is analytic at q 1 ^ = 1. The Taylor 
series of /, which is a formal power series in ( q x ! d — 1), can be converted into a formal power series in (q — 1) 

by 

q 1/d - 1 = (1 + (q~ l)) 1/d - 1 = £ ^if) - !)" 

n—1 ' ' 

Thus we obtained an algebra homomorphism Xj : Ad —> C[[g — 1]], which can be easily extended to 
Ti : Ad —> C[[g — 1]]. We call Ti(/) the Taylor expansion of / at q = 1, although in general there is no 
analytic continuation of / to a neighborhood of 1. 

Theorem 5. (a) For any f £ Ad, Ti(/) has coefficients in Z[1 /d], i.e. T±(f) £ Z[l/d][[g — 1]]. 

(b) The Taylor expansion map at 1, T\ : Ad—> Z[l/d][[q — 1]] is injective. In other words, an element in 
Ad is uniquely determined by its Taylor series. 

(c) For a rational homology 3-sphere M, the Taylor expansion is equal to the Ohtsuki 

series of M EMU. 

Note that because of the factor q( 1_d )/ 4 ; the coefficients of the Ohtsuki series in general are in Z[l/2d]. 
There is also a similar result for Taylor expansion at any root f £ Ud. 

The above properties suggests to consider A<j as a class of “analytic functions” with domain Ud- 

Remark 0.2. Actually, we will prove, as suggested by Habiro, that A^ is isomorphic to a ring already defined 
by Habiro, defined without any denominators. Then Theorems 0] and Impart (b) follow easily from jHa,2| . In 
the original version of the paper, we had a longer proof, which was also adapted from |Ha2j . 

0.4.1. Applications. 

Corollary 0.3. Suppose M is a rational homology 3-sphere with \Hi(M,T,)\ = d. 

(a) The Le-Murakami- Ohtsuki (LMO) invariant of M (see LM(11 rTell [Qht2l ) determines the quantum 
SO (3) -invariant at any root £ £ Ud- 

(b) The Ohtsuki series of M has coefficients in Z[l/2 d\. 

(c) If the order of £ £ Ud is p e , where p is an odd prime, then the Taylor series with 

q = f, converges p-adically to (^) tm(Q- 

(d) The values of tm at an infinite subset of roots of order prime powers in Ud determine the value of tm 
at any other root in Ud- 

Note that part (b) and (c), with e = 1, were conjectured by R. Lawrence and first proved by Rozansky 
IRosI using a quite different method. Here they, together with part (d), are easy consequences of our main 
results. Part (a), which demonstrates one more universal property cm of the LMO invariant, follows from 
the fact that the Ohtsuki series is obtained from the LMO invariant by way of the s^-weight system, see 

EEa. 

0.5. Plan of the paper. Section U is devoted to the definition of quantum invariants, mainly to fix the 
normalization. In section[5]we review basic facts of Habiro’s work on the cyclotomic expansion of the colored 
Jones polynomial. Proofs of Theorems 03 El El and their generalizations are given in sections El El and El 
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1. Quantum invariants 

We will use the following notations for elements in Z[q ±1 / 2 ]. 


M = q' 


*/2 _ , 


n,/2 


w!=nw, 


*=i 


w 


n 

k 


{n}! 


{fc}!{n — k}\ 


All 3-manifolds in this paper are supposed to be closed and oriented. Every link in a 3-manifold is framed, 
oriented, and has components ordered. 


1.1. The colored Jones polynomial. Suppose L is framed, oriented link in S 3 with m ordered components. 
For finite-dimensional sfe-modules W x ,..., W rn , one can define the quantum invariant Jl(Wi, ..., W m ) £ 
Z[g ±:L / 4 ], see nrrn iitmi ioiTt2i . The modules Wi,..., W m are usually called the colors of the link L. 

It is known that for every positive integer n there is a unique irreducible s? 2 -module V n of dimension n. 
For positive integers n\, . n m we define J^(n i,..., n m ) := Jl(Kh , • ■ •, V nm ). 

We recall here a few well-known formulas, at the same times fix our normalization. For the unknot U 
with 0 framing one has 


(!) Ju(n) = [n] = M/{ 1 }. 

If L' is obtained from L by increasing the framing of the *-th component by 1, then 

(2) Jl' (n lt ... ,n m ) = g (n ^ _1)/4 J L (ni,... ,n m ). 

When all the rii s are equal to 2, then ... ,n m ) = Jl £ a version of the Jones polynomial 

fjol IT)ht2l . which satisfies the skein relation: 


q 1//L J L +-q l/i J L - = (q 1/2 - q 1/2 )Jl°, 

where L + 1 L~,L° have blackboard link diagram identical everywhere, except for a small ball in which L + 
has a positive crossing, L_ a negative crossing, and L° a resolution of the crossing. 

In general, Ji(ni,..., n m ) € Z[q ±1 / 4 ]. However, there is a number a£{0,j,^,|} such that Ji(ni,..., n m ) £ 
q a 7j\q ±1 ]. For a formula for a and more general results (for all simple Lie algebra), see l_Le2l . A special case 
is the following. 

Lemma 1.1. Suppose L has 0 linking matrix, then • • •, n m ) £ g(n+-n»-m)/ 2 g[^±i] i 

Let R be the Grothendieck ring of finite-dimensional s/ 2 -modules, tensored by C(q 1 ^). As a vector space 
over C(g 1 / 4 ), R is freely spanned by Vi,V 2 ,. ■., but as an algebra, it is isomorphic to C(g 1 / 4 )[V r 2 ]- Using 
linearity we can define, for Wi £ R, Jl(W\, ..., W m ) £ C(q 4 / 4 ). Thus Jl is considered as a multi-linear 
function from R m to C(g 4 / 4 ). 

1.2. Definition of S'0(3)-invariant of 3-manifolds. Suppose £ is a root of unity of odd order r and 
f(q; rii,..., n m ) a function of variables q and integers n\,..., n m . Let 

^/ : =5>v 4 (/), 

rii rii 

where in the sum all the n t run the set of odd numbers between 0 and 2r. Let 

£ m 

Fl(£) JL{ni,...,n m )~[[\ni\. 

rii 2—1 

Let be the unknot with framing ±1. It is known that Fjj±(£) 7 ^ 0, see Lemma fOl 
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Suppose M is an oriented 3-manifold obtained from S 3 by surgery along a framed, oriented link L. (Note 
that M does not depend on the orientation of L). Let er + (respectively, cr_) be the number of positive (resp. 
negative) eigenvalues of the linking matrix of L. Suppose £ is a root of unity of odd order r. Then the 
quantum S'0(3)-invariant is defined by 


tm(0 ='Tm ° (3) (0 : = 


Fl(0 


(F U+ (£))"+ (Fu-(£))*- 

Suppose in addition to L, in S 3 there is another framed link L' with s components, and surgery along L 
transforms ( S 3 ,L r ) to Then the quantum S'0(3)-invariant of ( M,L") is defined by 


TM,L"(ki, ■ . ., fc s ; £) 

For connected sum, one has tm#at(£) 


{Jlul 1 (ji i, ■ • •, n m , k \,..., ks) [rii] 

{F U+ &)y+ {F v -{or- 


1.3. Gauss sum, Laplace transform, and the value of Fjj±( £). Recall that t; £ U d has odd order r. A 
variation 7 d(£) of the Gauss sum is defined by 


7d(o ; = Y^ qdn 4 i - 

n 

It is known that |7d(£)| = ypr, and hence is never 0. 

Let Cd-n ■ %[q ±n , q ±x ] —► I\q ±l / d ] be the Z[g ±1 ]-linear operator, called the Laplace transform, defined by 

C d - n (q na ) := q~ a2 ' d . 

Lemma 1.2. Suppose f is a root of 1 of order r and f £ Z[q ±n , q^ 1 ]. Then 

= 7 d{0 ev 5 (£ d;n (/)). 


Proof. It’s enough to consider the case when / = q na , with a an integer. This case is proved simply by using 
the standard completing the square method, see for example, ILe3| . □ 

The point is that C d -n(f), unlike the left hand side XX v ~ 1 /, does not depend on £ £ U d , and will 
help us to define a “universal invariant”. Applying Lemma ll .21 with d = ±1 and / = [n] 2 , using the unknot 
formula 0 , we get the following. 

Lemma 1.3. For the unknot U ^ with framing ±1, one has Fu±(£) ^ 0. Moreover, 

F v ±(0 = =F27±i(0ev£ • 


1.4. Lens spaces. Let ((() be the Jacobi symbol and s(d,a) the Dedekind sum. Recall that 

s(d, a) := E ( {2) ) ( (7) ) ’ where (( x )) := x - W - V 2 - 

For co-prime integers a,d with d > 0, the S l O(3)-invariant of the lens space L(d,a), which is obtained by 
surgery along the unknot with rational framing d/a, is given by (see m) 


T Ud,a){0 = (j) ev ? 
In particular, Tz(d,a)(0 is invertible in 


3 s(d,a) 


qi/2d _ q -i/2d\ 
q l/2 _ q- 1/2 J ■ 


(3) 
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It is also well-known that every non-zero integer d, if sn(d) is the sign of d, then 

(4) 7d ^. = (—) ev ? (g( sn ^- d )/ 4 ). 

7sn(d)(0 V r ) 

2. Habiro’s cyclotomic expansion of the colored Jones polynomial 

2.1. The basis P' n . Recall that R is isomorphic to C(q 1 / 4 )[V 2 ], with V\,V 2 , ■ ■ ■ as a basis over C(< 7 1 / 4 ). 
Habiro (Hall defined a new basis Pj,.k = 0,1,2,..., where 


p> = _ 

*' {fc}! 


J[(v 2 - ? (2i - 1)/2 - <r (2i - 1)/2 ). 


The change from the basis V n to Pf is given by 


n— 1 r 


V n = Y. 


k -0 


n + k 
2k+ 1 


where the sum over k can be made from 0 to infinity, since 
For any link L, using the linearity of Jl , one has 


{kV-PL 

n + k 
2k+ 1 


= 0 if fc > n. 


(5) 


Jl(JI 1» • • • 5 n m) — ^ ^ JL^Pk 1 

0<ki<m-l 


non 


rii + fa 
2 ki + 1 


iky. 


Since there is a denominator in the definition of Pf, one might expect that Jl{P{. , ..., P^ m ) also has 
non-trivial denominator. A difficult and important integrality result of Habiro IHall is 


Theorem 6. IHall Thm.3.3] If L is algebraically split and zero framed link in S 3 , then 


J L { p kv ■ > p k m ) e TPuTTT z td ±1/2 ] = 


WK1} 


2k + 1 


{q 2 ) k n<l ±l/ % 


where k = maxjfci,..., k m }. 

Thus, Jr J (Pf 1 , • • •, P/. m ) is not only integral, but also divisible by 
divisible by (q) k - 


2k + 1 
k 


(q 2 )k, which, in turn, is 


2.2. Evaluation at £. 

Lemma 2.1. Suppose ^ is a root of unity whose order r is odd and greater than 2. If k> (r — 3) / 2 then 


evj 


f{2k + iy\ 
\ ) 


= 0. 


Proof. First assume that k > r — 1. Note that 


{2k+ 1 }! 


2k + 1 
k 


{2}{3}...{fc + l}. 


Each factor of the right hand side is polynomial in g 1 / 2 , and r is among {2, 3, 
the evaluation ev^ of the left hand side is 0. 

It remains to consider the case fc + l<r<2fc + l. Note that 


. ,/c + l}. Since ev^jr} = 0, 


{2k + 1}! _ {k + l}{fc + 2} ... {2k + 1} 

WH1} “ {1} 
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When evaluating using ev^, the denominator is not 0, but the numerator is, since r is among {k + 1, k + 

2,... ,2k + 1}. " □ 

From the above lemma and Theorem 0 we have the following. 

Corollary 2.2. Suppose f is a root of unity of order r and L an algebraically split link with 0-framing on 
each component. Then 


ev ? (J L (m,... ,n m )) = ev 4 





ki ,...,/c m =0 


i= 1 


rii + ki 
2ki + 1 



3. Integrality of quantum invariants 

3.1. Technical results. 

3.1.1. Divisibility of the Laplace transform images. 

Proposition 3.1. Suppose f £ Ud is a root of order odd r and k < (j— 3) / 2 . Choose an integer b such that 
db = 1 (mod r). Then 

E ! 

n 

( 6 ) 

n 

where H(k,—b) is in Z [q ±l t 2 ]. 

The proof will be given later in this section. The upshot here is the right hand side of © is divisible by 
ld{Q- An explicit formula for H{k, b), defined for any pairs (k , b) of non-zero integers and not depending on 
£, as well as the proof of the proposition, is given in section HOI 

3.1.2. Diagonalizing the linking matrix. A link L in a 3-manifolcl M is algebraically split if each component 
of L bounds an orientable surface which does not intersect any other component. 

Proposition 3.2. (a) Suppose M is a 3-manifold with \Tor(Hi(M, Z))| = d, with prime decomposition 
d = Pi 1 .. .p^f. Then there are lens spaces L(di , af) such that each di is a power of one of the pj, and the 
connected sum of M and these lens spaces can be obtained by integral surgery along an algebraically split link 
in S 3 . 

(b) Suppose in addition M is a rational homology 3-sphere , i.e. Z)| = d. Assume that L is an 

algebraically split link in M. Then there is an algebraically split link L, which is the disjoint union of 2 sub 
links L\ and L 2 , in S 3 such that surgery along L\ transforms (S 3 ,L 2 ) to ( M',L ). Here M' is the connected 
sum of M and several lens spaces L(di,ai) with properties as described in part (a). 

The proof will be given later. The proposition, part (a), with M a rational homology 3-sphere, is a 
modification of Ohtsuki’s lemma ©HU- 

3.2. The case of diagonal linking matrix. Suppose M 3 is obtained from S 3 by surgery along an alge¬ 
braically split (m + s)-component link L with integral framings di, ..., d m + s on the link components, where 

1 = ... d m + s = 0 and all other dfs are not 0. Let L° denote the link L with all framings switched to 0. 
Let d = UZi\di\- Suppose £ £ Ud is a root of unity of odd order r. Choose integer bi such that bidi > 0 
and bidi = 1 (mod r), for i = 1 ,..., m. 


n + k 

2k+1 

n + k 
2k+1 


{k}\{n} = 2 ev ? ( g (fc+i)(fc+ 2 )/4 ( g *+ 2 ) r _ fc _ 2 ) 
{fc}!{n} = — 2 sn( 6 ) 7 d(£) evj(P(fc, —b)), 
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3.2.1. Non-degenerate diagonal linking matrix. First we consider the case when s = 0, i.e. the linking matrix 
is non-degenerate, or M is a rational homology 3-sphere. 

By framing formula m, 


i= 1 


J L (ni,... ,n m ) = J L o(?ri,.. • ,n m ) 

({r- 3)/2 

E 

ki—O 


i =1 


ev 4 (J L (ni,... ,n m )) = ev ? ( E in? 

By definition, 

/ m 

^(0 = E 


and hence by formula (IO) 

{fci}! 


,di 


rii + ki 
2*kj, -f- 1 


and hence 


( (r- 3)/2 


(7) ^(£)=evJ £ 4»(4,...,PUIIE 




/ci =0 


2=1 rij 

^(r-3)/2 


Tli + ki 
2ki -L 1 


{ki}l{ni} 

{ 1 } 


( 8 ) 


= (n - 2 Sn( { d ;j 7dA0 ) ev( ^ E 

Using Lemma roi and the definition of tm, one obtains 


by ©. 


tm( 


(0 = II ev s [ E JLo(Pk’---’ F OlIy sn(di)1/2H ( k *’- b >)l ■ 


( r ~3)/2 


i=l Tsn(<ii) (£) 


fci= 0 


i=1 


Using 0 for 7di( ^ , we get 

Tsn(d^) 


/ /( r_3 )/ 2 "i \ 

( 0 = (-) . 

^ r ' y ki= o 2=1 y 

3.2.2. Degenerate diagonal linking matrix. Now we assume the general case, s might not be 0. 
The argument that leads to 0 will give us 


(9) 


tm 4 = 


(r—3)/2 


Fl(0= E evJ J i o(P' i ,...,P' m+ jnE <l d 


ki—0 


2=1 Tli 


ni + ki 

2ki T 1 


{ki}\{m} 
{!} 
f ra+s 

n e 

\i=m-\-l rti 


ni + ki 
2 ki T 1 


{ki}\{ni} 

{ 1 } 


Using Proposition cm we get 

(r—3)/2 


/ ,\ (’—3)/2 / m \ 

(10) T M (0 = (-) E ev 5 J i o(P' i ,...,P' m+ JI]9 (3sn(di) " di)/4 7?(fc i,-6i) X 

' ' ki= 0 \ 2=1 / 


( ra+s 

2 g (fci+1)(fci+2)/4 

2=m+l 


{q ki+2 ) r - ki - 2 


{ 1 } 


Note that, since ki < (r — 3)/2, one has —- ^ ki 2 € Zfg* 1 / 2 ]. It follows that tm(£) £ 
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3.3. Proof of Theorem HI Part (a). By the product formula, tm = T(m#n)/ t n, if Tv 7 ^ 0. Since T]w(£), 
with M the lens space L(d, a) and £ £ Ud , is invertible in Z[£], using Proposition 13.21 we can assume that M 
is obtained from a link with diagonal linking matrix as described in the previous subsection. There we have 
proved that tm(£) £ Z[£]. 

Part (b). Again we can assume that (M,L) is obtained from (S 3 ,L 2 ) by surgery along L\ , as described 
in Proposition 13.21 

Similarly to m we have 


V — 3)/2 




^771 + 1} • • • 1 m-\-s 


( 7\ / V' \ 

-) evj E Y\q { ^ di) - di)/A m.K- b M X 

' \ ki =0 i =1 / 

/ 771+S p 

-4 n 


rii -h Ki 
2 ki H- 1 


{fcj! , 


which is in 

3.4. Proofs of technical results. For a non-negative integer k let 


□ 


t U-k) 2 e Z[g ± l, t ±1 ] - 


2/c+l 

+*0 “ E (- 1 )' 

7=0 

For integer d ^ 0 and arbitrary integer b define the Z[(/ ± l [-linear algebra operators 


2k+1 
j 


<Pd : Z[ <Z ± 1 ,7 ±1 ] - Z^ 1 ^], where ^(i) := 

+ : Z[++ where ^ 6 (t) = g 6 . 

The relation between <p and <p is: If £ £ Ud has order r, and db = 1 (mod r), then for every / £ Z[g , 7 =!=1 ]: 


(11) ev^ipd(f)) = ev^(<p b {f)). 

For non-zero integer d and arbitrary integer b let us define 

2fc+l 

Y(k,d) := cp d (Z(k)) = E (- 1 )" 
i=o 

2/c+l 

f(M) := ^(Z(fc)) = E (- 1 )' 

7= 0 

Lemma 3.3. Suppose bd= 1 (mod r), where r is the order of £ £ L+ f/ien 


2fc + 1 
j 


2k+ 1 
j 


M-k) 2 /d 


M-k) 2 



n + k 
2k+1 


{fc}!{n} = -2 7d(£)ev ? 


/ r(fc,- 6 ){fc}! \ 

^ { 2 fc + l}! J’ 


Proof. We will first calculate £d ;n ({n} {n + k}\/{n — k — 1}!). 
Using {j} = — q~P 2 (l — <+, one sees that 


M {n + k}\/{n - k - 1 }! = g-" fc (iT" - 1 ) (<*""*; g) 2fc+ i 

= q- n - nk (q n ~ k -q) 2k+1 - <T" fe (g"" fc ; 9 ) 2fc+1 . 


( 12 ) 
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It is easy to check that the two terms of the right hand side of m can be obtained from one another by 
the involution n —> — n. Since C d - n is invariant under n —> — n, one has 

(13) C d - n {{n} {n + k}\/{n -k - 1}!) = -2 C d - n {q~ nk (q n ~ k ;q) 2 k+ i). 

Explicit expansion of ( a\q)k is well-known, and we have 

2 /c+l 

(14) q~ nk (Q n - k -,Qhk + i= E(-l) j 

3=0 

Using the dehnition of C d - n and m we get 


2k+ 1 
3 


n(j-k) 


£ d -, n ({ n } {n + k}\/{n - k - 1}!) = -2 Y ( k , - d ). 

Multiplying by {k}\/{2k+ 1}! and using Lemma Tl.21 and O- we get the lemma. □ 

3.4.1. Factoring Y(k,b). It turns out that Y(k,b) is always divisible by To describe the quotient 

let us define, for positive integer b, 


H ( k , b ) := 9 ( fc + 1 ) (fc + 2 )/ 4 J 2 9 

fc+l>nb>nb_i>--->ri2>0 


n 2+ n aH-l" n 7i 


(9) 


fc +1 


rr =1 (9)r 


i+i-rii 


where nt,+i = k + 1 and ni = 0, and ( a) n stands for (a; q) n . For example, 


H { k , 1) = q 


— n 3 / 2 


k+1 


H(k, 2 )=q 3 Y J < 


(9) 


fc +1 


/c +1 


3=0 


(q)j(q)k+i-j 


H(k, 3) = g 5 


„f+r 


= - ? 3 E« 

3=0 

{q)k +1 


,j(j+k+ 1)/2 


0<j<l<k+l 


(■ q)j {q)l-Mk+x-i 


k + l 
3 


Let H(k,b) be obtained from H{k 1 b) by the involution q—^q 1 . For 6 = 0 define H(k,b) = 0 and for 
6 < 0 by 

H(k,-b) := (~l) k H(k,b). 

Remark 3.4. Habiro observed there is a similarity between H(k , 6) and the coefficient c' n p of Habiro’s twists 
in |Ma,| . We have found the exact relation and will discuss it in another publication. 


The following theorem is the main technical result. 


Theorem 7. For every integer b, Y{k : b) is divisible by • Moreover 


IkV 

F(M) {2fc+l}! =~ sn (b)H(k,b). 

Proof. If 6 = 0, then Y(k,b) is the right hand side of (II 4H . with n = 0. In this case (with n = 0), the left 
hand side of CJ is 0. Hence Y(k, 0) = 0, and we are done. 

Suppose 6 yl 0. Using the involution q —> g , we can assume that 6 > 0. 

Let a n ,(3 n be a Bailey pair as defined in Section 3.4 of with a = 1. Then for any numbers 

bi, Ci, i = 1,..., k and positive integer N we have the identity (3.43) of EH: 
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IV' 1 rr ^~(o)+kn+Nn (Q )n TT (^n ( c i)n 1 

(15) ^(-1) o n q 


n>0 


(?)jv ('%?%) N 


E 


b k J"\c k >" n k >n k - 1 >--->ni>0 ^ NbkCk ) n * f=\ ( h Wi ( l )"<+i 


A special Bailey pair is given by (see section 3.5 of PG3): 


Q Q k {Q )n k (bk)n k ( c k)n k Tf 

""i 11 


k -1 f 2 ) 

l“* 


n fe TT Q '~bT' Z^U iCi Mi+ 


a 0 = 1, a n = (—l)"g”("- 1 )/ 2 (l + g n ) for n > 1 . 
Ad = 1 , An = 0 for n > 1. 


Using the obvious limits 


lim El = tl\n q n(n-l)/2 
c—>oo c n 


lim 


lim - = 1 

c—>oo \ cJ n 

(ci)„(c 2 ) 


= (_i'j n q n ( n ~ 1 )/ 2 q Nn 


Cl ,C2—»00 ( q- N c 1 c 2 )r 

we see that the limit of the left hand side of m , when bi , c% tend to infinity, with k replaced by fr, is 


N 


n Nn ( n —N \ 

lhs = i + -£ (,««)„ d + g ")^ - 

Here the first term corresponds to n = 0, and the sum of the second term terminates at n = N since 
(q~ N ) n = 0 if n > N. It is easy to check that 


(q N+1 )n 

Hence, with N = k + 1, we have 


(! + ,") = ‘- 1 * 


2N 

N 


2N 
N — n 


(<f / 2 + <T n/2 )- 


(16) 


LHS = 1 


1 


2k+ 2 
k + 1 


k +1 

n—1 


2k + 2 
k + 1 — n 


(q n 


V 2 ), 


Recall that 


2k + 1 
j 


M-k ) 2 


2fc+l 

UM) = Xh-i)*‘ 

3= 0 

The sum can be assume from j = —1 to j = 2k + 1, since the term of j = —1 is equal to 0. Separating 
the case j = k and combining any other j with 2k — j, we have 


y(M) = (-i)* 


2k + 1 
k 


k-1 


+ E (-i)V w-fc) 


3 =-1 


2fc + 1 

j 


2k+ 1 
2k-j 


It is easy to check that 
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2k + 1 
j 


2k + 1 
2 k - j 


{k + 1} 


2k+ 2 


{2k + 2} j + 1 

Hence, using new parameter n = k — j, we see that 


(q(k-j )/2 + 0 / 2 )_ 


y(M) = (-i)* 


2fc + 1 
fc 


+ 1} Y^ ( '_ 1 '|A-n bn 2 

{2fc + 2} J y 

L J n=l 


2fc + 2 
/c + 1 — n 


(q n/2 + <T” /2 ). 


Using 


' 2k + 2 ' 


' 2k + 1 ' 

k+1 


k 


\ 2 fc+U ’ from <E3> we get, 


2k + 1 
k 


LIZ'S. 


(17) Y(k,b) = (- l) k 

The limit of the right hand side of G9. when bi,Ci tend to infinity, with k replaced by b, is 

b-i n 2 

RHS = (q) N £ (-1 y bq n b (n b -l)/2+Nn b+ n b{q -N )nb QG - 

nb>rib—i 0 z=l ^ 

Note that 7ii = 0, since this is the only case when (3 ni ^ 0, and in the sum the index nb < iV, since 
(q~ N {n b = 0 if rib > N. An easy calculation shows that, with k = N — 1, 


(18) 


RHS = {-l) k {k + l}\H{k,b). 


Since LHS = RHS, from itTTI) and (tTHli we get Y(k,b) = ^——^-^H(k,b). 

{k}\ 


□ 


3.4.2. Proof of Proposition^. 7J Part (b), the difficult part, follows from Lemma El .31 and Theorem|7] 

Now we prove part (a). Again noting that the two terms of the right hand side of ra can be obtained 
from one another by the involution n —> —n, and using GJ, we have 


/2fc+l 

£ {n}{n + *}!/{n-fc-l}! = -2£ £ (-1)* 

n n \ j =0 

Note that Yln(. < l na ) = r or 0, according as a is divisible by r or not. With 0 < j < 2k + 1 < r — 2, the 
only case with j — k divisible by r is when j = k. Hence 

£^{ n H n + k}\/{n — fc — 1}! = —2(—1 ) k r x ev ? 

n 

Multiplying both side by { 2 i+i}i anc ^ us i n g the well-known r = m=i 1 (i — £f), we get part (a). □ 

3.5. Proof of Proposition 1331 Here we modify Ohtsuki’s proof of a similar result iQhtTl . 

3.5.1. Linking pairing. A linking pairing on a finite abelian group G is a non-singular symmetric bilinear map 
from G x G to Q/Z. Two linking pairing v , v' on respectively G , G' are isomorphic if there is an isomorphism 
between G and G' carrying v to v'. With the obvious block sum, the set of equivalence classes of linking 
pairings is a semigroup. 

One type of linking pairing is given by non-singular square symmetric matrices with integer entries: any 
such nxn matrix A gives rives to a linking pairing (f>{A) on G = Z"/AZ n defined by <j>(A)(v, v') = v t A~ 1 v' £ 
Q mod Z, where v,v' £ IP. If there is a diagonal matrix A such that a linking pairing v is isomorphic to 
t f>(A ), then we say that v is of diagonal type. 

Another type of pairing is the pairing <f>b,a, with a, b non-zero co-prime integers, defined on the cyclic group 
Z/fe by <f>b,a{x,y) = axy/b mod Z. It is clear that <$>b+i is also of the former type, namely, <f>b,±i = <^(±&), 
where (±5) is considered as the lxl matrix with entry ±6. 


2fc + 1 
k 


2k+1 

j 


r(J-k) 
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Proposition 3.5. Suppose |G| = d, with prime decomposition d = Yli^iPT’ anc ^ v a Unking pairing on G. 
There are pairs of non-zero, co-primes integers ( bj , aj),j = 1,..., s such that each bj is a power of some pi, 
and the block sum of v and all the i j>bj,a.j is of diagonal type. 

Proof. The semigroup of linking pairing has the following generators in 3 groups, see iKKlIWal : 

Group 1: (j>{±p k ), where p is a prime, and k > 0. 

Group 2: <fb,a with b = p k as in group 1, and a is a non-quadratic residue modulo p if p is odd, or a = ±3 
if p = 2. 

Group 3: Eq on the group Z/2 fc ® Z/2 fe with k > 1 and E k on the group Z/2 fc © Z/2 fc with k > 2. 

For explicit formulas of Eg and E k , see EKI- We will use only a few relations between these generators, 
taken from IKKlIWal . It’s enough to prove the lemma when v is one of the generator. 

Any pairing in group 1 is already of the form <p(±p k ). 

Let v = <f>b,a be in group 2. Suppose p is odd, then one of the relations is (f>b,a 0 4>b,a = 4>{b) 0 4>{b), which 
is diagonal type. Suppose b = 2 k , then a = ±3, and one of the relations says pb ,±3 © 4>b ,±3 = </>(©&) 0 <f>(Tb). 
Suppose v = Eq. One of the relations is E k © f>(— 2 fc ) = 4>{2 k ) © <j>{—2 k ) © p(—2 k ). 

Finally let v = E k . One of the relations is E k © <p 2 k ,3 = <t>(f2 k ) © (j>{2 k ) © f>{2 k ). □ 

3.5.2. Linking pairing on the torsion group of Hi(M, If). Suppose M is obtained from S 3 by surgery along 
a framed oriented link L, with non-degenerate linking matrix A. Then M is a rational homology 3-sphere, 
and the linking pairing on Hi (M, Z) is exactly 4>(A). The following proposition was already implicitly given 
in dht II . 

Proposition 3.6. If the linking pairing of a rational homology 3-sphere M is of diagonal type, then M can 
be obtained from S 3 by surgery along an algebraically split link with integer framings. 

Proof. Suppose M is obtained from S 3 by surgery along a framed link L with linking matrix A. By assump¬ 
tion, (f>(A) = 4>(B), where I? is a diagonal matrix. In this case, it is known that there is a unimodular integral 
matrix P such that P t A'P = B', where A' and B' are obtained from respectively A and B by block-adding 
a diagonal matrix with ±1 on the diagonal. Using the two Kirby moves on links, one can easily go from L 
to another framed link with linking matrix B ', which is diagonal. Surgery on the new link yields the same 
3-manifold. □ 

3.5.3. Proof of Proposition 13.31 Part (a). Suppose H\(M, Z) = Z r © Tor, where Tor is the torsion part. 
Choose disjoint curves or,..., ay in M representing generators of the infinite part Z r of H\{M, Z). By 
Poincare duality, there are oriented surfaces Si,...S r in M such that the algebraic intersection number 
between ai and Sj is Sij. Using the standard tube construction if needed, we can assume that Si meets cq 
at exactly 1 point, and misses all other ay. 

Let -ZV(aj) be a small tubular neighborhood of ay in M , and S[ = Si \ N(cti). Then Pi := dS[ is the 
intersection of Si with dN(ai). Removing the interior of N(ai) from M and regluing back in such a way 
that the Dehn filling kills the homology class ai, we get a rational homology 3-sphere M ', together with S [ 
in M'. Each S’ bounds the curve Pi in M ', such that doing surgery along Pi with framing 0, from M' we 
get back M. Note that H\{M', Z) = Tor. 

If N = L(b,a), the lens space, then the linking pairing on Hi(N, Z) is exactly (j>b,a- By Proposition 13.51 
there are lens spaces L(di,ai), with properties as described in the statement of Proposition l3.2l . such that the 
linking pairing of M" := is of diagonal type. By Proposition M" can be obtained from 

S 3 by integral surgery along a link L' C S 3 with diagonal linking matrix. Thus S 3 \N{L') = M"\N(L"), for 
a link L" in M". One can isotope L" in M" off the surfaces S[, since the surface with non-trivial boundary 
can be isotoped to a lie in a small neighborhood of a graph. Thus all the surfaces S[ can be considered as 
lying in S 3 \L'. The link L' U {Pi,..., p r } has diagonal linking matrix, with framing 0 on Pi. Doing surgery 
on L' U {Pi,... ,p r } gives us M'. This completes the proof of part (a). The proof of part (b) is totally 
similar. □ 
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4. Universal invariant in cyclotomic rings 
4.1. Proof of Theorem [31 First notice that if one can find an element f G Ad such that 

(19) (^) t m (0 = ev^q (1 - d)/4 f), 

then the injectivity of the map evn, with H = Ud in Theorem would show that / is an invariant of M. 
The task now is to find such an / for every rational homology 3-sphere. Let us consider 3 cases. 

Case 1 : M = L(d, a), a lens space, with d > 0. Let 


1 _ n —l/d 

I M ■= g 3 s ( d , l )- 3 s ( d , a ) 1 9 

l-q- 1 ' 

It is well-known that 3 d(s(d, 1) — s(d, a)) G Z, see jR.G j. hence Im G Ad- Using s(d, 1) = (d—l)(d—2)/12d 
and m, one gets (pi . Moreover, Ii,(d,a) is invertible in A d- 

Case 2: M is obtained from S 3 by integral surgery along an algebraically split link L as in section 13.2.II 
We will use the notation of section IB. 2. II The following proposition will be proved later in this section. 

Proposition 4.1. The element q ( ' k+1 ^ k+2 ^ 4 A d . 

Note that, by dJ and Theorem □ 


(20) sn(Mev e (V(fc,, -di) {2j ^ + }! ) = H(h, -h z ). 

Let 


( 21 ) I M :=q {d - 1)/4 J2 J L < P ^ 

ki =0 

We will prove later the following. 


-,PL) 


n sn (di)q^ sn ^- di ^ 4 Y(h, -di) 

i =1 


Ml 

{2 ki + 1 }! 


Lemma 4.2. One has Im G Ad- 

By Habiro’s theorem (Theorem 0 J i o(P^ i ,..., P^ m ) is divisible by Hence by Lemma FTT1 if 

ki > (r — 3)/2 for some i, then ev^(J L o (P^,..., P^)) = 0. Thus combining with (I2UI and ©, we get 1111- 
Case 3: M is an arbitrary rational homology 3-sphere. By the diagonalizing lemma, there are lens spaces 
Mi,... ,Mi such that M' = (#j =1 Mj)#M is of the case 2. Since each Im 6 is invertible in A d , we can define 


i 

Im = Im' (f^[ I Mi ) — 1 • 

i=l 

Using the product formula, we see that Im satisfies CGS- This completes the proof of Theorem 0 


4.2. Proof of Lemma 14.21 By Proposition^^ U (ki, —di) j 2 fc fc +i}! is in g( fc - i + 1 K fe< + 2 )/ 4 A c j, and by Theorem^ 
J L o (Pj£ ,..., ) is divisible by (q;q) n . The only problem is, a priori, the term in the sum formula of Im 

might contain the fractional power q L l' ld , and all we need to show is we need only q 1 / d , but not g 1 / 2 ^. 


First, using Lemma O one sees that J L o (P^,..., P* m ) 


qSn(di)/2{ ki y _ 


2=1 


{2 ki + 1 }! 


is in Z(g), (no fractional power 


of q.) It suffices to prove that q^ d ^/ 4 n(=i q^ sn ^ di H 4 is in Z[q ±l / d \. This is equivalent to the fact that 


m 

D := d(d — 1) — d^2(sn(di) — di)) is divisible by 4. 
2=1 
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We have sn(dj) — d, = sn(dj)(l — |d,|). If the sign sn(dj) is changed, then D is altered by ±2d(l — |dj|), 
which is divisible by 4, since di\d. Hence we can assume that every sn (df) = +1. 

We use induction on m. If to = 1, then the statement is trivial. Note that 


(1 - d 1 d 2 ) - (1 - di) - (1 - d 2 ) — (1 - di)(l - d 2 ), 

which, after multiplied by d\d 2l is divisible by 4. Hence the induction step can be carried out by replacing 
d\ and d 2 with d\ + d 2 . □ 

4.3. Proof of Proposition ^, fl For every non-negative integer n let T n be the ideal in Z[t ±x , g ±:L ] generated 
by Cfc jW := {t;q)k(q k+1 ) n -k,k = 0,1,..., n. This ideal was used by Habiro in )Ha3| . Recall that f>b ■ 
Z[t ±1 ,g ±1 ] —► Z[q ±x ] is the Z[g ±:L ]-algebra homomorphism defined by (pb(t) = q b . 

Proposition 4.3. Suppose f(t,q) £ Z[t ±1 ,g ±1 ]. Then <fib(f) is divisible by ( q) n for every integer b if and 
only if f £ I n ■ 

Proof. We use induction on n. Suppose the statement holds true for n — 1. By induction, 


/ — a 0 (t, g)c 0 , n _i + ai(f, q)ci :n _i + • • • + g)c n _i jTJ _i. 

Applying <po, noting that tf>o{ck,n-i) = 0 if k > 0, one gets that ao(l, q) is divisible by 1 — q n , or ao(t, q) £ 

(l — t) + (l — q n ). Note that (1 — t)co jn _i + (1 — q n )c 0iTl _i C I n . Hence the first term ao(t, q)co, n -i is in I n . 

Similarly, successively consider (pb with b = 1, 2,..., n— 1 we see that each term q)ci n -1 is in I n . □ 


Let y- be the set of all rational function of the form // (q) n , with / £ I n . Let ifd : Z[t ±l , g ±1 ] —»■ Z[f ±:L ] 
be the Z[t ±1 ]-algebra homomorphism defined by ipd(q) = t d - 

Lemma 4.4. For every non-negative integer n one has C A^. 


Proof. Fix a number r co-prime with d. We need to show that the multiplicity of 4> r in the prime decompo¬ 
sition of the denominator of 




Ck,n 

(l)n 


n-rpiq-^ 1 ) 

nti(i -t id ) 


is less than or equal to the that in the numerator. Since 1 — t n = 4> m , we see that the multiplicity of 

in the denominator is the number of elements of {d, 2d,..., kd} which are divisible by r. Since r and d 
are co-prime, this is the number of elements of {1, 2 ,..., k} which are divisible by r, and is equal to [k/r\ . 

The multiplicity of in the numerator is the number of elements of {1,1 + d ,..., 1 + (k — l)d} which 
are divisible by r. This number is greater than or equal to [k/r\, since any r consecutive elements of any 
progressive sequence contain one divisible by r. □ 


Proof. (Proof of Proposition 14. Ill By Theorem 0 for every integer 6, 


Z(k)(q) k 

Tb / . 

{Q)2k+1 


£ Z[q ±l ). 


It follows from Proposition ^31 that Z(k)(q)k belongs to X 2 fc+ 1 , and hence Y (fc, d) ^ q ^ +1 = V’d ( Z (q)ll+i ) 
belongs to A,;, by Lemma f4.41 It remains to notice that for every n, the quotient (q) n /\n\\ is a power of 
g 1 / 2 , and {2k+l}\/{k}\ is in g( fe+1 )( fc+2 )/ 4 Z[g]. □ 


5. CYCLOTOMIC COMPLETION 

After proving some additional facts in section l5~51 we will apply Habiro’s result to our case. 
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5.1. Cyclotomic completion, general results. We fix a positive integer d. Recall that Nd is the set of 
all positive integers which are co-prime with d. Thus N := Ni is the set of all positive integers. Recall also 
R d = Z[l/d\. 

In this section we will identify q 1 / d with t. Thus Ad = Rd[t ±:L ], and Ad is obtained from Ad by inverting 
all the d>„(£), n fL N d- We also use Bd := Rd[t}- One has Bd C Ad C Ad- 

For a subset S C N let be the multiplicative set in Bd generated by $ r (f), r £ S. Then is a directed 
set with respect to the divisibility relation f\g. For any ring A containing Z[t], the principal ideals (/) define 
a linear topology on A. Let 


A s := lim A/{f). 

If S' C S then there is a natural algebra homomorphism ps,S' ’■ A 5 —> A s . We want to know when ps,S' 
is injective, for A = Bd, Ad, or A d- 

Proposition 5.1. (a) The map ps,snn d '■ Af —> A^ nNd is an isomorphism. 

(b) With t = q 1 / d , A^ = A” d is equal to Ad- 

(c) If S C N d, then the inclusions Bd Ad Ad induce isomorphisms Bf = Af = Af. 

Remark 5.2. In particular B^ d = Ad- Note that in the definition of Bf d , we don’t have any denominator. 
The ring Bf has been studied by Habiro |Ha2| . The author would like to thank Habiro for pointing out the 
isomorphism Bf d = Ad, which simplifies the original version of the paper. 

5.1.1. Injectivity of ps,S'- We say that n,n' £ N are p-adjacent if n/n' = p e , where p is a prime and e an 
integer, and they are adjacent if they are p-adjacent for some prime p. 

For S' C S C Nd we write S' -< S if for every n £ S there are ni,..., nk £ S and n^+i £ S', such that n, 
and rij+i are adjacent, and n\ = n. 

For to, ro £ N and any ring Habiro (Ha2j defined to n if to, n are p-adjacent and R is p-adically 

separated, i.e. r\j>oP*R consists of 0 only. It is easy to see that if p is a prime, p £ Nd, then Rd = Z[1 /d\ is 
p-separated. Hence if m,n are in Nd and they are adjacent, then to -&R d n in Habiro’s sense. 

Suppose that So -< S C Nd- From theorem 4.2 of Tla2l one has ps,s 0 ■ Bf —► Bf° is injective. Using 
Proposition 15. II part (c) we get the following. 

Theorem 8. Suppose that So -< S C Nd- Then ps,s 0 '■ Af —> A^° is injective. 

5.1.2. Evaluation map. Suppose £ is a root of order r, which belongs to S C Nd- By Proposition 15.(il below. 
A<j/($ r ) — Z[l/d][£ ±1 ]/(<l> r .). The last one is isomorphic to Z[l/d][£] via t —> £. We can define the evaluation 
map evj : A^ —► Z[l/d][£] by the composition 

Af - Af- } - A d /(<IS) = Z[l/d][£], 

Since r and d are co-prime, £ := £ d is also a root of order r, and by definition, ev^(f) = ev^(g), where g 
is obtained from / by the substitution t —> q l / d . Hence we get the following 

Proposition 5.3. For g £ Ad and £ £ Ud, one has ev^(p) £ Z[1 /d] [£]. 

Suppose fl is a set of roots of unity whose orders form a set T, which is a subset of S' C Nd- Using the 
evaluation at every element in Q we can define 

ev n : Af -> Z[1 /d][£], eV n (/) = (ev f (/),£ £ 0). 

£en 

Again using Bf = Af , Theorem 6.1 of (Ha2j gives us the following. 

Theorem 9. Suppose Tl,T,S are as above. Assume that there is n £ S such that {?r} -< S and there are 
infinitely many elements in T adjacent to n. Then evn : Af —> Tlc e n Z[l/d][£] is injective. 

Theorem 0] is a special case of this theorem with S = Nd, n = 1. 



QUANTUM INVARIANTS OF 3-MANIFOLDS 


17 


5.2. Proof of Proposition rm Part (a). Since <fv(f) is invertible in Ad if r is not in Nd, we have 

A| = A f"-. 

Part (b). Since 1 — t n = , $ r (t), one has \f t ^ n is the product of several >I> r with r ^ Nd- Hence \^ n 

is invertible in Ad. This means, if q = t d then the elements (t; t) n and (q; q) n defines the same principal ideal 
in Ad, and hence they define the same completion, or A™ = Ad- 
The rest of this subsection is devoted to a proof of part (c). 

Lemma 5.4. (a) If m,n are not adjacent, then (<f> m ) + ('f’n) = (1) in Z[t]. 

(b) If m = np e , where e > 0 and p a prime, then (<I? m ) + ($„) = (p) + (4>„) in Z [t]. 

Proof, (a) is a well-known fact. 

(b) Let a = t npB 1 , then 4> m is a divisor of 

g(t) = ^= 1 + o-l-h a p-1 . 

Since a(£) = 1, and hence g(£) = p if £ is a root of unity of order n , we have that g(t) = p (mod 4> n ). 
This means divides p in Z[t]/(<j>„). It is known that there is a positive k such that (mod p). 

It follows that p divides 4> m in Z[t]/($„). Thus in Z[f]/($„), $ m andp define the same principal ideal. This 
is equivalent to ($ m ) + (4>„) = (p) + ($ n ) in Z[t\. □ 

Corollary 5.5. Suppose mi,... ,mt are co-prime with d and n is not, i.e. mi,... , to*, € Nd and n ^ Nd- 
Then 4>„ is invertible in Z[1 /d][t\/(f), where f = Hi=i Here mi,... ,mk are not necessarily distinct. 

Proof. Note that in a commutative ring A , an element a is invertible in A/(b) if and only if (a) + (6) = (1). 
If (a) + ( b ) = (1) and (a) + (c) = (1) then, multiplying together, one gets (a) + (be) = (1). Hence it’s enough 
to consider the case k = 1, with m\ = m. 

If m, n are not adjacent, then ($„) + ($,.) = (1) in Z[i], hence we are done in this case. 

Suppose 77 ./to = p e , with p a prime. Then e > 0, since otherwise n is a divisor of to and hence is co-prime 
with d. By the same reason, p is a divisor of d. By Lemma IQ1 ($ m ) + (4> ra ) D (p) in Z[t]. Since p divides 
d, it is invertible in Z[l/d][i], hence (<b m ) + (<&„) = (1) in Z[l/d][i]. □ 

Proposition 5.6. Suppose f = nf=i w tth m i €= Nd- Then the homomorphism Ad/(f) —> A d/(f), 

induced from the embedding Ad Ad , is an isomorphism. 

Proof. Recall that Ad is obtained from Ad by inverting all the 4> ra ,n ^ Nd- 

By Corollarv l5.5l every n fL Nd, is invertible in Ad/(f). This proves the surjectivity. Injectivity follows 
easily from the fact that every <f> n , n qL Nd, is co-prime with /. □ 

Corollary 5.7. If S C Nd, then the inclusion Ad A d induces an isomorphism A^ = A^. 

Proposition 5.8. For any S C N, the inclusion Bd Ad induces an isomorphism = A 

Proof. Note that 4> n (0) = ±1, one has (t)+ ($„(<)) = (1) in Z[f]. It follows that if / is the product of several 
*1> n (i), then t is invertible in Z[t]/(/), and hence in Bd[t\/(f). It follows that Bjf = A%. □ 

Part (c) of Proposition 15.II follows from Corollary 15 . 71 and Proposition |^J 

5.3. Proof of Theorem [SJ Part (a). Using Proposition 15.II with t = q 1 / d , we can identify Ad with A^ d . 
The Taylor expansion map T± is then the map PN d ,{i} : A^ d —► A^. The image space A^ is equal to 
Z[1 /d][t ±1 ]f^ >1 5 = Z[l/d][[t — 1]], by Proposition 15.61 

As explained, to convert power series in t — 1 = q 1 ' d — 1 into power series in q — 1, one use 

q 1/d ~ 1 = (1 + (<? - l)) 1/d - 1 = E Cif) - !)"• 

n—1 ' ' 

It is well-known that ( 1 { d ) £ Z[1 /d\ for every n. Hence the image of T\ is in Z[l/d][[g — 1]]. 
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Part (b), the most difficult part, is a special case of Theorem 0 with S = and S' = {1}. 

Part (c) follows from the definition of the Ohtsuki series imitn . □ 
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